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Abstract—A plane-parallel polarized radiative transfer model is described. The model is used
to compute the radiance exiting a vertically inhomogeneous atmosphere containing randomly-
oriented particles. Both solar and thermal sources of radiation are considered. A direct method
of incorporating the polarized scattering information is combined with the doubling and
adding method to produce a relatively simple formulation. Several numerical results are
presented for verification and comparison.

1. INTRODUCTION

This paper deais with a numerical model that solves the polarized radiative transfer equation for a
plane-paraliel, vertically-inhomogeneous scattering atmosphere. The full polarization charactenistics
of randomly-oriented particles with any shape having a plane of symmetry are taken into account.
Both thermal sources and a collimated (solar) source of radiation are included in the formulation.
The angular field of the radiation is represented with a Fourier series in azimuth angle and
discretization of zenith angle. The model caiculates the monochromatic polarized radiation
emerging from an atmosphere and is hence best suited for use in remote sensing applications.

The solution method for the multiple-scattering aspect of the prablem is that of doubling and
adding. This approach computes the radiative properties of the medium rather than the radiance
field itself so that radiances exiting the atmosphere may be easily found for many boundary
conditions after the solution is computed. Doubling and adding is numerically stable for large
optical depths and has the distinct advantage of conceptual simplicity. The necessity to rotate the
polarization reference plane in the transformation from the single-scattering phase function to the
radiative-transfer scattering matrix is the major complication of polarized models over scalar
models. A simple direct method, heretofore inadequately described in the literature, is used for the
transformation, The model described here is available for distribution in a well documented
FORTRAN implementation. The model formulation and aigorithm are described in Secs. 2-4, and
example results verifying the model are presented in Secs. 5-7.

2. DESCRIPTION OF SOLUTICN METHOD

An outline of the solution method is as follows. The polarization and angular aspects of the
radiance field are expressed by a vector in a radiance basis. The scattering source integral in the
radiative-transfer equation is correspondingly represented by matrix multiplication. The matrix
differential equation is then effectively integrated with the doubling and adding method starting
from infinitesimal layers. Since this formulation applies to the radiative properties of the medium
(see the interaction principle below) rather than the radiation field itseif, the boundary conditions
are naturally dealt with after and separately from the integration.

The monochromatic plane-parallel polarized radiative transfer equation for randomly-oriented
particles is
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where I is the diffuse radiance field expressed as a four-vector of Stokes parameters (1, @, U, V),
M is the four-by-four scattering (or Mueller) matrix, ¢ the Stokes vector of radiation sources, & the
single-scatter albedo, 1 the optical depth, u the cosine of the zenith angle, and ¢ the azimuth angle.
The coerdinate system used here is that r increases downward and u is positive for downward
directions. The sources of diffuse radiation are unpolarized thermal emission and a “pseudo-source™
of single scattered solar radiation:
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where B(T) is the Planck blackbody function, F, the unpolarized solar flux at the top of the
atmosphere, and (4, ¢,) the direction of the collimated solar beam.

The angular varialion of radiation is expressed as a Fourier series in azimuth and by
discretization in zenith angle using numerical quadrature. The model has several types of numerical
quadrature available, including Gaussian, Lobatto, and double-Gaussian schemes. The radiance
at a particular optical depth is thus represented by a vector in a radiance basis involving three
components: Stokes parameters, guadrature zenith angles, and Fourier azimuth modes. The
radiance field is separated according to hemisphere, with /* representing downward radiance
(4 > 0) and T~ representing upward radiance (¢ < 0). The number of Stokes parameters used may
be less than four (reducing the vector length and speeding the computations) depending on the
particular problem being solved. The number of quadrature angles and azimuth modes is governed
by the desired accuracy of the radiance field. If only thermal sources are considered, then the
problem is azimuthally symmetric so that only 7/ and Q Stokes parameters and just one Fourier
mode need be considered.

The key concept behind the doubling and adding method is the interaction principle, which
cxpresses the linear interaction of radiation with a medium. The radiation emerging from a layer
is related to the radiation incident upon the layer together with the radiation generated within the
layer (Fig. 1). With the formulation in terms of a radiance vector, the interaction principle is
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where 7 is the transmission matrix. R the reflection matrix, and § the source vector.

When the layer in question is the whole atmosphere (together with the surface), computing R,
T, and S amounts to solving the radiative transfer equation. On the other hand, relating R, 7, and
S for an infinitesimal layer to the single-scattering properties is simple. Thus, there are two parts
to the solution method: first, converting the single-scattering information into a form suitable for
applying the interaction principle and, second, using the doubling and adding method to compute
the properties of the whole atmosphere from the local (infinitesimal layer) properties.

3. TRANSFORMATION OF SINGLE SCATTERING INFORMATION

The transformation of single-scattering information from a convenient input format (say a
Legendre series in the scattering angle) to a form suitable for the radiative-transfer model is
complicated by the dependence of the O and U Stokes parameters on a reference plane. For
single-scattering computations, the natural reference frame is the scatiering plane while for a
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Fig. I. A schematic illustration of the interaction principle. The /¢ and /[ on the left represent the incident

radiatiop, and the /5 and /i on the right represent the emergent radiation. The R, 7, and S are the

reflection, transmission, and source terms, respectively, which describe how the median interacts with the
radiation.
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radiative transfer calculation, the convenient reference frame is the meridional plane (defined by
the z-axis and the direction of travel). The polarization transformation from the phase matrix P
to the scattering matrix M is expressed mathematically by!

M8, ¢80, ¢) = L(Z, — n)P(cos @)L(i; ). @)
For the (I, Q, U, V) Stokes basis, the polarization rotation matrix is
1 0 0 0
L) = 0 cos2i —sin2i 0 (5)
T 1 0 sin2i cos2 0|
0 0 0 1

where the rotation angle #, is the angle between scattering plane and the meridional plane containing
the incoming ray (', ¢°), and i, is the angle between the scattering plane and the meridional plane
containing the outgoing ray (9, ¢). The scattering angle € and the rotation angles i, and i, may
be found from spherical trigonometry.

For randomly-oriented particles with a plane of symmetry the 16 element phase matrix has only
the following six unique elements:?

PP 0 0
PP 0 0
0 0 P, P,
0 0 -P, P
The phase matrix for spheres has P; =P, and P, = P,,
Performing the polarization rotations to find the explicit form for the scattering matrix gives

P(cos @) = (6)

[ p, P, cos 2i, — P, sin 2, 0 )
P,cos2i, | Pscos2i cos2i, — P sin 20, cos 2i, | —P,s8in 24,
— P, sin 2, sin 2i - P cos 2, sin 2i
MO, 6%, &' - ¢) = — .M
Pysin2i, | Pgcos 2iysin 24, — Pgsin 2i,sin 28, | P,cos 2i,
+Py8in 2/, ¢0s 2§y | + Py cos 2i, cos 24,
L 0 — P, sin 24, — P, cos 2j, P, )

The elements of the phase matrix P, are input to the radiative transfer model as Legendre series
in cos &, namely,

Ny
Picos @)=Y x P (cosO). (8)
i=0

For the radiance basis we are using, the scattering matrix M should be given in terms of the Fourier
series in ¢ and ¢ and at discrete quadrature angles u; and u;, i.e.

M M
M, pi, ¢ ¢ =3 ¥ [MZ, cosmg cosm’¢p’ + M, cos mg sinm’'ep’
m=0m=0
+ME, sinme cosm’¢’ -+ M5 sinmg sinm’ad’].  (9)

Thus, a method is needed to convert from the x{? representation to the M,,, representation of the
single-scattering information. In the scalar (unpolarized) radiative-transfer case, this conversion is
accomplished by using the addition theorem of associated Legendre functions. The rotation of the
reference frame of the polarization precludes the use of that method for finding the Fourier modes
of the scattering matrix. Dave® invented a complicated series method to calculate the modes of the
scattering matrix. A simpler method was used in this model. The method used here is to perform the
polarization rotation explicitly in azimuth space and then Fourier transform the results to get the
scattering matrix for each Fourier azimuth mode. This method is similar to that of Ishimaru et al,
except that the rotation is performed on the Stokes parameters rather than the scattering amplitudes.
Hansen® used a similar technique but in a much different formulation of the doubling method.
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The method proceeds as follows. For each pair of quadrature angles (4, 4,-) and for a number
of azimuth angle differences A¢, = ¢’ — ¢, the scattering angle @ is found, and the Legendre series
are summed for the unique elements of the phase matrix. In the most general case six series must
be summed, but depending on the number of Stokes parameters used and the type of scattering
(Rayleigh, Mie, etc.) less series may be needed. Equation (7) is used to compute the scattering
matrix M for each of the evenly spaced A¢,. The number of Ag, is chosen so the highest frequency,
which depends on the number of terms in the Legendre series, is completely sampled. For each
pair of quadrature angles, M is Fourier-transformed with an FFT to find the coeflicients M, and
M2, for the Fourier series in ¢’ — ¢, viz.

. (2 o 6:»0)‘\[. ' SriN K
RS, + iMEE, = N 3 eV My, e, Ady). (10)
k=1

Since the scattering matrix only depends on the difference in azimuth between the incoming and
outgoing angles, the Fourier modes separate (M depends only on m, rather than m and m") and

MCC

e = Mo = M b, M= =M = M, 0, (11)
The sine and cosine modes do mix, however, for a particular m. The decoupling of azimuth modes
allows the modes to be solved separately, i.¢., doubling and adding are performed separately for
cach mode. The computationally efficient FFT, however, produces all of the Fourier modes at once,
so the scattering matrices for all of the modes are computed and stored before doubling and adding
begins.

The explicit form of the scattering matrix given in Eq. (7) shows its special symmetries that we
use. One symmetry is that negating p and g’ simply resuits in negating the off-diagonal two-by-two
blocks of the matrix. This symmetry means that the scattering matrix can be computed using only
half the number of angles (say with g > 0). The upper left and lower right two-by-two blocks of
M are even functions in A¢, while the upper right and lower left blocks are odd functions. This
symmetry allows trivial calculation of the scattering matrix for n < A¢ < 2n from the values of
0 < A¢ < n. The symmetry also means that the cosine matrices have off-diagonal blocks of zeros,
and the sine matrices have diagonal blocks of zeros. Using the symmetry and also limiting the
unpolarized sources of radiation to be even (by taking the solar azimuth to be zero), the scattering
matrix can be reduced to a single four-by-four matrix for each azimuth mode and quadrature angle
pair.

This approach requires a rearranged radiance basis using the cosine azimuth modes of the / and
Q Stokes parameters and the sine modes of the U7 and ¥ parameters 1= (7%, 0%, U*, V). In this
basis. the scattering matrix is expressed in terms of the Fourier components from the FFTs by

% C 5 5
M, M, M, 14
M5, M, My M.

8 8 < <
_iwzl — M3 My M,
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M, () = (12)

This form of the scattering matrix is used to find the infinitesimal layer reflection and transmission
martrices as well as the pseudo-source vector of single scattered sunlight.

It is important to have the discretized scattering integral exactly integrate the phase matrix so
that energy will be conserved. This means that for a given number of quadrature zenith angles there
is a limit on the number of terms in the Legendre series representing the phase matrix. The model
truncates the Legendre series differently according to the type of quadrature, e.g., for Gaussian
quadrature, L,, =4N, — 5 where N, is the number of quadrature angles per hemisphere. Achieving
phase function normalization by the use of this method can be difficuit for highly-peaked phase
functions (scattering from large size parameter particles) because of the large number of quadrature
angles required. Other techniques such as the Delta-M method® are more appropriate in those
circumstances.
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4. APPLICATION OF DOUBLING AND ADDING METHOD

The doubling and adding sequence of aperations are performed as matrix and vector operations
in a radiance basis. With the above background the form of the radiance vectors can now be made
explicit. Since the Fourier azimuth modes are treated separately the radiance basis consists of the
Stokes parameters at the quadrature zenith angles in a hemisphere. The structure of the radiance
vectors is

i)
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7 - (13)
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where the y; are the quadrature points of the cosine of zenith angle and the ¢ and s subscripts refer
to the cosine and sine azimuth modes. The length of the radiance vector is thus Ny X N,

The scattering matrix defined above may now be related to the local reflection and transmission
matrices for an infinitesimal layer. In the parlance of doubling-adding this step is called
initialization. The model described hers uses the simplest method which is sometimes called
infinitesimal generator initialization. The elements of the reflection and transmission matrices and
the source vector for the mth azimuth mode are

(T = [6[.,.,61.,./ - %f(&ﬁ.aﬁ. - L+ 3y,
S
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where i is the Stokes parameter index and j is the quadrature angle index. The primed indices are
the ones summed when carrying out matrix multiplication. The w;s are the integration weights
corresponding to the quadrature angles u;. The initial layer optical depth Az is chosen according
to the desired accuracy (e.g., At = 10~ will give about five digits accuracy when using double
precision). o,,(4;) is the source term of the radiative transfer equation evaluated at the y; quadrature
angle for the mth Fourier azimuth mode. The thermal radiation source term is isotropic so only
the m = 0 azimuth mode contributes. The solar pseudo-source term is found by computing the
scattering matrix [Eq. (12)] for the incident solar direction and outgoing quadrature angles and then
multiplying by the solar flux factor as indicated by Eq. (2).

Writing down the interaction principle [Eq. (3)] for two adjacent layers and climinating the
radiances ai the common interface leads to the aigorithm for combining two iayers. The adding
formula computes the properties of the combined layer (T') in terms of the properties of the top
layer (1) and the bottom layer (2}, i.e.,

$=R{+T{T*RIT;,  Ri=Ri+TiTRiTY,
T:=T;I'*T}, Tz=T,I"Ty,
F=ST+T{r"(SF+R7S7), Sr=S/+TiT (57 +R; SY),
r+=[-R{Ry]", r-={1-R; R} (15)

The adding formulae may be interpreted physically in terms of multiple reflected rays, with the
I’ factors being the multiple reflection factors.

The adding method is used in a special way, called the doubling method,™® to quickly build up
the radiative properties of a finite homogeneous layer from the infinitesimal initiai layer. The adding
algorithm is applied successively to combine two identical layers. Starting with a layer of thickness
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Az, each step doubles the optical depth until after N steps the thickness is 2% Ar. The doubling
method described so far requires that the finite layer be uniform. The solar pseudo-source, however,
has an exponential dependence with optical depth, and it also is desirable to have the thermal
emission vary with depth. The doubling method has been extended by Wiscombe® Lo incorporate
sources that vary exponentially with optical depth and sources that vary linearly with optical depth.
For layers that are purely absorbing (& = 0) the doubling step is bypassed completely by directly
computing the properties of the finite layer.

The doubling algorithm computes the reflection and transmission matrices and the source vectors
for the homogeneous layers, which are then successively combined, from the top down, with the
adding method. The surface boundary is treating as a layer with a transmission of unity, the
appropriate reflection, and no source term. The radiation emitted from the surface is then the
incident radiation on the lower boundary. The model incorporates two types of surfaces:
Lambertian and Fresnel. The radiation downweliing from the atmosphere is computed from the
internal radiance algorithm which is easily derived from the interaction principle. Once the radiative
properties of the whole atmosphere are found by doubling and adding many boundary conditions,
which are Planck radiation from above and the surface properties, can be applied efficiently. The
model computes the upwelling radiance from the top of the atmosphere and the downwelling
radiance from the bottom of the atmosphere in the form of a Fourier series in azimuth at the
discrete quadrature zenith angles.

5. NUMERICAL RESULTS

In order to verify the accuracy of the radiative transfer model and to provide examples for
comparison with other models, results from three types of atmospheres are presented. The first case
is a Rayleigh atmosphere illuminated by sunlight, the second case is a Mie atmosphere in sunlight,
and the third case is microwave transfer through a precipitating atmosphere.

The Rayleigh atmosphere test case was compared with the book of tables by Coulson et al.'
Comparisons were done for three cases of varying optical depth and solar angle. The radiative
transfer model was run with 8 out of the 16 angles in the tables and azimuth modes up to m = 2.
A quadrature scheme that lets the angles be specified and computes the optimal integration weights
was used. The upwelling and downwelling radiances were compared at azimuth angles of 0, 90,
and 180° (U is zero at 0 and 180°). Table | compares the upwelling radiation for one set of
parameters. Note: Coulson et al define ) with a sign opposite to that used here. Table 2 summarizes
the Rayleigh case comparison. It shows the average and maximum absolute difference between the
Coulson et al tables and the model results for the three cases. Invariably the maximum disagreement
is for small 4 values. On average the results agree to a few places in the fourth decimal.

6. MIE TEST CASE

The second test case involves a comparison with results from Garcia and Siewert.'! Their I = 13
problem used a phase function for Mie scattering at a wavelength of 0.951 um from a gamma
distribution of particles with 0.2 ym effective radius, 0.07 effective variance, and index of refraction

Table 1. Comparison of moedel output with the resuits of Coulson et al for

a homogeneous Rayleigh atmosphere of optical depth of 1, The upwelling

radiance as a function of u = cos 6 for an azimuth of 90" is shown. The solar

flux is normalized to #, the cosine of the solar zenith angle is 0.8, and the
ground albedo is 0.25.

Present Model Coulson et al (Ref. 10)

I 1 Q U I Q U
0.0600 { 0.39769 | —-0.05121 | 0.24707 | 0.39887 | 0.05092 | 0.24758
0.1600 | 0.40860 | ~0.03995 | 0.23359 | 0.40894 | 0.03988 | 0.23375
0.2800 ( 0.40477 | —0.02767 | 0.20914 | 0.40482 | 0.02766 ! 0.20918
0.4000 | 0.39384 | -0.01568 | 0.18112 | 0.39380 | 0.01570 | 0.18114
0.6400 | 0.37258 | 0.00779 | 0.12477 | 0.37248 | -0.00774 | 0.12476
0.8400 | 0.36158 | 0.02686 | 0.07591 | 0.36147 | -0.02681 | 0.07590
0.9600 | 0.35787 | 0.03813 | 0.03609 | 0.35776 | —0.03808 | 0.03609
1.0000 | 0.35705 | 0.04168 [ 0.00000 | 0.35694 | -0.04181 | 0.00000
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Table 2. Summary of differences between the radiative transfer model and tables by Coulson
et al. The average and maximum absolute differences of the radiances over the sight upwelling
zenith angles at azimuths of 0, 90, and 180° are listed for three sets of parameters.

Optical | Solar | Ground Average Error Maximum Error
Depth | pop | Albedo 1 Q U I Q U
1 0.8 0.25 | 0.00021 | 0.00009 | 0.00007 ; 0.00130 | 0.00027 | 0.00051
1 0.2 0.25 | 0.00021 | 4.00013 | 0.00002 | 0.00160 | 0.00100 | 0.00018
0.1 0.1 0.25 | 0.00041 | 0.00021 | 0.00003 | 0.00175 | 0.00108 | 0.00011

n = 1.44. Their scattering coeflicients (“greek constants™), which are listed in a separate paper,?
were converted 10 Legendre series coefficients for the four unique elements of the phase matrix
{Table 3).

This test case is for an optical depth of unity and a single scattering albedo of 0.99. The
atmosphere is illuminated by a collimated beam at a zenith angle cosine y, of 0.2 with a flux of uyx
relative to the horizontal. The ground surface is taken to be Lambertian with an albedo of 0.1.
QOur radiative transfer model produces radiances upwelling from the top of the atmosphere and
downwelling from the bottom as Fourier series in azimuth at discrete quadrature zenith angles.
Table 4 lists the upwelling radiances for a run with eight Gauss—Legendre quadrature angies per
hemisphere and azimuth modes up to m = 8. The cosine azimuth modes are listed for 7 and Q while
the sine modes are given for U and V. The initial layer thickness for the doubling algorithm was
At =107%

Garcia and Siewert’s results are tabulated at intervals in ¢ of 0.1 for azimuths of 0, 90, and 180°.
Cubic spline interpolation between the quadrature angles was used to compute the radiances at the
tabulated intervals. The values at u4 =0 and 1 were not used as they must be extrapolated from the
quadrature angles. The radiative transfer model was run with two different number of quadrature
angles (14 and 28) per hemisphere and with azimuth modes up to m =9. A summary of the
comparison between the results from the current model and Garcia and Siewert’s results are
presented in Table 5. Two types of differences were calculated: absolute and fractional. The
absolute difference is the absolute value of the difference between the two results. The fractional
difference is the absotute difference divided by the maximum value over the zenith angies, separately
for each hemisphere and each azimuth angle. The sumimaries consist of two parts: the average
difference and the maximum difference. The summaries include azimuths ¢, 90, and 180° for the
I and Q terms, but only an azimuth of 90° for the U and V terms,

In general, the maximum fractional differences are from the u = 0.1 angle which is much less
accurate than the other values. Typically, discrete—angle formulations give poorer results for lower
u. The 28-angle case has average fractional differences of about 1 part in 2000, while the differences
in the 14 angle case are roughly 5 times worse. Apparently given enough quadrature angles, any
desired accuracy can be achieved. The sources of error in this comparison are the approximation
inherent in the angular discretization scheme of the model and the interpolation between the
quadrature angles. Obviously for most practical uses of the model, a modest number of angles will
suffice.

Table 3. Legendre series coefficients for the four unigue elements
of the phase matrix for the Mie scattering test case.

B Py Py Py
1.00000000 | —0.32071711 | 0.71206342 | —0.01882245
1.45529318 | -0.20350675 | 1.76014119 | -0.04725108
1.05402631 | 0.24638948 | 1.06682431 | 0.00894436
0.39758994 | 0.18605748 | 0.39651104 | 0.04505815
0.11659302 | 0.07124848 | 0.09576412 | 0.00958275
0.02387477 | 0.01700757 | 0.01765088 | 0.00215761
0.003%5010 | 0.00302534 | 0.00261549 | 0.00029195
0.00053888 | 0.00043592 | 0.00032713 | 0.00003502
0.00006372 | 0.00005326 | 0.00003583 { 0.00000337
0.00000667 | 0.00000572 | 0.00000351 | 0.00000029
0.00000063 | ©.00000055 | 0.00000031 | 0.00000002
0.00000006 { 0.00000005 | 0.00000003 { 0.00000000

[argyen
PE0®-a0ohs Wi = O~

QSRT 46;%—-F



K. F. Evans and G. L. STEPHENS

{(18-)0p286 S~ | (21-)ezLes’t | (1-Ye8ziz- | (Z1-)78222'1- | (01-)02G0T € | (8-)G1B6R = | (9-)22L10°6- | (G )T0WFOT OP6R6'0
{81-)60821°F— | (91-)6042¥ T- | (€1-)60688't~ | (11-}v26e0 - | (6-)erbzes- | (L)bEp68 o- | (8-)os6ke 1~ | (e-JpeLbed 8CHY6 0
(91-)90wE% 1- | (P1-)6¥9R8 T~ | (Z1-}9L266'F | (O1-)O¥6TH'S- | (S-)S0LPL b~ | (9-)1098F - | (e-)TL260'b~ | (0-)68898°C £9998'0
{g1-)oogeo 1- | (ST-)OTZh6'T- | (11-)68969°2— | (6-)8L808°¢~ | (L-)eTit¥i- | (9-)ordegs— | {e-)106L52- | (¢-)65a81'9 0¥e5L0
(g1-)18€29°%— | (€1-)6ECH6°9- | (1T-)6I619'L- | (6-)pE2IZ'0- | {1-)L1868°2- | (9-)LSfLe'6- | (P-)EIR00T- | (C-)EOLE6TD 88L19°D
{(F1-)808p1°1- | (21-)06%00'T- | (O1-)890G0 1~ | (8-)b08€0'T- | {(-)0og9zv— { (S )18T1Z' 1~ | (b-)668HI 1~ | (c-)pezelz 708550
(¥1-)op981°1- | (R1-)6809¢ 1- | (01-Ye621Z'1- | (6-)00818°2- | (1-)99880°8~ | (9-)2CL9e'9~ | (s-)osesrs— | (4-)288LE - 09782°0
(p1-)pbzez's | (21-)e998T'9 | (01-)28190°¢ | (8-)ategz’e | (9-dersgqot | (e-droigee | (e-)essisy | (s-)zeril'e- | 10%60°0
A Bueamdp
T T
@1-)eteeRs | (o1-estios | (s2001¢ | (9-)eeeav1 | (g-)uzgzLy | (g-)81860°1 | (2-)eoeelg | (8-)19%16°7 0b6860
(8-}60gee 1 (8-)gveeye | (2-)8109¢'8 _ (8-)66299°1 (rlerizve | (e-vezogz | (z-)eowvze | (e-)L1s289 R9HP6°0
(8-)L203L'1 (L-)zete0'e | {9-hiessey . (s-)eesv0'9 | (¥-)90006'¢ | (e-)egoTtv | (a-)zamsez | (z-)geelIlT £9898°0
(8198888 | (o-0wszzzl | (a)orews1 | Geozor1 | (£-)10020'1 (g-Jogesre | (z-)er1ees | (z-)sge6¢ 1 0¥99L°0
{e-preize | (9-)esizie | (g-)ec0Roe _ (#-p1ozez | (s-)oee19'1 | (e-)60gce2 | (z-)seT1LZ | (z-)ooparz $9L19°0
(2-)ev6ee | (9-)6gw08's | {(9-)v0860°¢ | (-JeswiLe | (e-)onzeve | (g-)iseogs | (z)1eoe8c | (z-)zcceee Z0889°0
(2-)o0005'8 | (9-)8loL | (c-)ee6199 | (v-)esreey | (g-)u1esvz | (e-)1o2ere | (z-)iLes67 | (z-)oe6h0e 091870
(L)zsgers | (9-)o00sT L (¢-)e0106°S (picezcor | (e-)ersyre | {s-)eeeese | (3-)aLeo6's | (-)ososy 10960°0
1 Bupemdn
(Ti-)2eeome- | (01-)16612°6- | (3-)68eee- | (s-deovor1 | (c-)esserv— ( (8-)0z660'1- | (z-)oosLre~ | (e-)eeszez- | (b)eressz | o¥esao
(6-Josree1- | (8-)yuez99e- | (L)eor2gs- | (s-)aowag1- | (wieika~ | (e-)ozeuga- | (c-)98Wa 7 | (8-)psoLes- | (e-obizet | S9hp60
(9-)sopeL 1 | (L)avorre- | (9-)2be62%- | (3-)98980°9- | (-)ess66'S- | (2-)66121%- | (3-)W00L8 s~ | (2-)B8292'6- | (8-)2¥820°F | £990§°0
(8-)e68916~ | (9~Jw96sz1- | (s)81L8%°1- | (P PI8¥H1- | (£-)80260'T- | (2-)sotoss- | (z-Jpograa- | (z-)ezeor1- | {e-Jecerz'® | o¥eorq
(i-)srerez- | (9-)egoore- | (e-)R1awe e~ | (btwlile- | (e-)viogs't- | (-)68809°2- | (3-)tpoLna~ | (z-)agveni- | (2)6636F T | 882190
(L-)pogrr - | (o-deseez s~ | (s-)1518%°9- | (960109 | (5208202~ | (e-)owiee6- | (z-)vee60's— | (e-)paTL6 - | (c-YoLezez | Zowey O
(9-Jozoge'1- | (a-)ewoes1- | (-)2sR80° T~ | (b-)uistzz- | (g-)szerse- | (z-)18e88'1- | (3-)osskoe- | (+-)96286'9- | (z-)e6690°F | 091820
(9-)eezss g~ | (5-)81689a- | (rlvress 1~ | (e-)20997°1- | (8)9:802°9- | (z-)eoveoe- | (z-)ezzes v | (z-)zopset | (z-)ovreen | 10%00
Owi:y_snb
(£1-)09881°1 A (1-lgevsz | (01-)egodse | (3-Jzegrey | (L-)6881¢'0 | (e-d6rleon | (-)owspeds | (e-)eoz1ss | (z-)eowsee | ovessa
(1-)sortes | (6-)egreee | (8-)p60zss | (9-)pgoort | (a-)weezst | (v-)oos60z | (8-orsose | (e-)eesiz 1 | {z-)ostor | seweo
{6-)L2089c | (8-)6cs06% | (2~)6T66L'L | (5-)56820°1 (7-juzevry | (b-)ecorgs | {e-)g6089d | (z-)6Pe0s'z | (z-)81TT-2 | £99980
(s-)oprers | (L-)esrose | (9-)egeeoy | (c-)erisos | (»jogsess | (e-)eowvet | {z-)issset | (z-)svrese | {z-Weaos's | 0veeL o
(£-)8088¥'1 * {g-)estor | (e)sosert | (b)1689%T | (g-)oeego1 | (e-leobze | (z-)eeweez | (z-)spo62'¢ | (1-W0ZeT'l | 9921970
(&-)eeeere | (9-)eosses | (G)22908% | (b-jeszooe | (e-lopwszz | (z-)erspo'l | (z-JesLobv | (1-)soezoy 1 {1-11228'7 | 208eh'0
{9-)0L0T% 1 _ (g-zeeeet | (Yee9eT'l {(r-Jggo96'2 | (e-N1epas | (c-)ososs't | (z-)pessel | (1-)6b689'1 | (1-ITIETZ | 091820
(9-)egezere | (g-)gersos | (p)isgera | (p-)ueesyn Q-Vwmwa.m (g-)uesree | (1-Josotkl | (1-)gozesz | (1192991 | 10%60°0
[ Buyjemdy)
g = @ L= g=w u\ G =ty _ F=w “ f=w = %—.HE Qg=w \_r kil

420

‘saapewered Fuipppow
JO S{EIAP 107 1%3) 31} 393G "PASY| 31 4 DU /) IOJ SOPOW SIS ) PUB & puR [ 10] SAPOW 2UISOd ] ‘soffur yuuaz ainjeipenb sipusda-ssnen
Y510 Ay 10] Inuuze Ut SOUAS NG ® S8 Passardxd alv (4 Y70 7) souripel Fugomd) 'ased 153) SULIANEIS AW SY] WO SISy b O[qRL



A new polarized atmospheric RT model 421

Table 5. Summary of differences between the radiative transfer

model and results from Garcia and Siewert for their I = 13 Mie

scattering problem. The model is compared for two runs having

14 and 28 quadrature angles per hemisphere respectively. The

summary incorporates results from radiances upwelling from the

top and downwelling from the bottom of the atmosphere for
nine zenith angles and three azimuth angles.

Summary of 14 angle case
Absolute differences

I Q U v
Average | 0.00048 | 0.000111 | 0.0000278 | 0.00000032
Maximum | 0.00621 | 0.001190 | 0.0001210 | 0.060000134

Fractional differences
1 Q U A"
Average 0.0020 | 0.0032 0.0010 0.0037
Maximum | 00078 | 0.0362 0.0031 0.0090

Summary of 28 angle case
Absolute differences
1 Q U v
Average 0.00010 | 0.000021 | 0.0000083 | 0.00000009
Maximum | 0.00141 | 0.000176 | 0.0000402 | (.0000005G
Fractional differences
1 Q U v
Average 0.0004 | 0.0005 0.0003 0.0009
Maximum | 0.0013 | 0.0024 0.0009 0.0032

7. MICROWAVE EXAMPLE

The third case is different from the first two in having thermal sources of radiation rather than a
collimated solar source. The radiance field in a plane-parallel atmosphere with only thermal
radiation is azimuthally symmetric and has zero U and ¥ components. While this case does not
include a validation, the thermal source aspects of the model have been tested against the
unpolarized model of Stamnes et al’’ with agreement to better than 1 part in 10°. For simplicity,
we now consider a two layer precipitating atmosphere having an ice layer above a rain layer. Both
layers have Marshall-Palmer'® (exponential) particle size distributions with a maximum diameter
of 1.0 cm. The modeled precipitation is quite light: the rain layer has a rain-rate of 0.5 mm/h and
the ice layer has a M-P rain rate of 2.0 mm/h. The single scattering properties of the water and
ice spheres are computed according to Mie theory. Absorption by oxygen, water vapor, and cloud
liquid water is ignored. Table 6 lists the properties of the atmosphere and Table 7 contains the
Legendre series coefficients for the phase matrices. The modeling frequency is 85.5 GHz which is
the highest microwave frequency currently in use on an orbiting platform (the Special Sensor
Microwave/Imager instrument). The surface is modeled as calm water by a Fresnel surface with
the appropriate index of refraction (3.724-2.212i) for water at 27°C. Cosmic black body radiation
at 2.7 K is incident from above.

For this case, we assume the Rayleigh-Jeans approximation for the Planck function and output
brightness temperatures rather than radiances. The model is run with eight Gaussian quadrature
angles, one Fourier azimuth mode (m = 0), and two Stokes parameters (/ and Q). Table § gives
the results for the brightness temperatures upwelling from the top and the downwelling from the

Table 6. Properties of the two layer atmosphere for 85.5 GHz microwave case. The heights

and temperatures refer to the layer interfaces. The rain rate specifies the Marshall-Palmer

distribution of hydrometeors with the given indices of refraction. The extinction and single
scaitering albedo from the Mie calculation is also listed.

Layer | Height | Top Temp [ Rain Raie Index of Extinction | Albedo

(km) | (Kelvin) | (mm/hr) refraction {km~1)
Ice 8.0 245 2.0 (1.7829,—.00344) | 0.13536 | 0.98190
Rain 440 273 a.5 (3.2781,—1.8512) | 0.15224 | 0.38175

0.0 300




422 K. F. Evans and G. L. STEPHENS

Table 7. Legendre series coefficients for the three required ¢lements of the phase
matrices for the microwave test case. The coefficients are listed for the rain and
ice layers. Only P,, P,, and P; are needed when using just two Stokes parameters

(I and Q).

Rain Layer ice Layer
P Py P P P Py
1.000000 | -0.378560 | 0.122149 | 1.000000 | -0.203665 | 0.706712
0.365211 | —0.082115 | 1.482953 | 1.305650 | -0.111353 | 1.669173
0.518055 | 0.353963 | ©0.356369 | 0.915656 | 0.176185 | 0.856457
0.115569 | 0.077666 | 0.067922 | 0.348084 | 0.097906 | 0.357357
0.032699 | 0.023756 | 0.008445 | 0.131959 | 0.025961 | 0.114952
0.006058 | 0.004312 | 0.001049 | 0.032286 | (.012476 ( 0.031836
0.001139 | 0.000819 { 0.000071 | 0.011950 | 0.001494 | 0.009323
0.000188 | 0.000133 | 0.000000 | 0.001923 | 0.000918 | 0.002046
(.000030 | 0.000021 | -0.000002 | 0.000899 | 0.000030 | 0.000561
0.000005 | 0.000003 | 0.000000 | 0.000085, 0.000052 | 0.000112
0.000061 | -0.000004 | 0.000025
0.000003 { 0.000003 | 0.000006
0.000004 | —0.000001 { 0.000001

RO aoo s w N — o~

bottom of the precipitating atmosphere. For comparison the brightness temperatures upwelling
from the surface without any atmosphere are also given. Although the atmospheric model is
over-simplified, the results clearly show the sensitivity of 85 GHz to low rain-rates over a water
surface. The absorption and emission of the rain layer increases the upwelling brightness
temperature, while the scattering of the ice layer acts to decrease the brightness temperature. Both
layers depolarize the radiation because the precipitation particles are modeled by spheres.

§. CONCLUDING REMARKS

We have described a polarized plane-parallel radiative transfer model for randomly-oriented
particles of arbitrary shape. The model is designed for passive atmospheric remote sensing
applications, whether reflection or emission based. The formulation described in this paper is
perhaps the simplest of the many solution methods to the polarized radiative transfer problem. The
simplicity is evident both in the direct method of transforming the single scattering information and
the use of the doubling and adding method. While not as accurate as some other methods, doubling
and adding is robust and provides adequate accuracy for practical problems within reasonable
running times. The results from several example computations are shown, which verify the accuracy
of the model and provide results for comparison. An efficiently coded and well documented
FORTRAN implementation of the model is available for distribution. More complete information
about the model is available in a report.'* A closely related code that models polarized radiative
transfer through oriented non-spherical particles has been used to compute microwave transfer
through horizontally-oriented ice crystals.!®

Table 8. Brightness temperature results for the microwave

iest case. The upwelling radiances from the top of the aimos-

phere and the downwelling radiances from the bottom of the

atmosphere and tabulated in Kelvin. For comparison, the

upwelling brightness temperatures from the surface without an
atmosphere are also listed.

Upwelling | Downwelling | No atmosphere
In I Q H ¢ H 4]
0.09501 | 111.89 | 0.68 | 270.09 | 5.58 | 127.13 | 102.88
0.28160 ( 154.71 | 2.81 | 244.50 | 4.34 | 169.19 | 107.04
0.45802 | 184.41 | 4.66 | 210.27 | 3.03 | 169.81 | 76.63
0.61788 | 200.67 | 5.44 | 181.84 | 1.95 | 167.63 | 49.82
0.75540 | 20890 | 4.71 | 161.00 | 1.14 | 166.27 | 29.64
0.86563 | 212.88 | 3.08 | 146.60 | 0.58 | 165.68 | 15.37
0.94458 | 214.70 | 1.41 | 137.42 | 0.23 | 165.50 | 6.09
0.98940 | 215.43 | 0.28 | 132.58 | 0.04 | 165.46 | 1.14
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